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Vector Definitions and Coordinate Transfor mations

Vector Definitions

Rectangular A=A4.a +4,a +4.a, = (Ax,Ay,AZ)
Cylindrical A =Apap +A¢a¢ +4. a, =(AP,A¢,AZ)
Spherical A=4.a +A4aq+A4,a, =(4,,45,4,)

Vector Magnitudes

A-A=|A||A|cos0° = |AP = |A|=/4A4

Rectangular |A| = \/ sz +Ay2 +A4?

z

Cylindrical || =4} +A4+A;

Spherical A=A} +A4q +4;

Rectangular to Cylindrical Coordinate Transformation

A AL A) = (An Ap A)

Thetransformation of rectangular to cylindrical coordinatesrequires
that we find the components of the rectangular coordinate vector A in the
direction of the cylindrical coordinate unit vectors (using the dot product).
The required dot products are

Ap =A~ap =Axax~ap +Ayay-ap +Azaz'ap :Axax-ap +Ayay'ap
Aq) =A- a, =Axax° a, +Ayay' a, +AZaZ~ a, :Axax° a, +Ayay- a,

AZ :A-az :Axax-aZ+Ayay-aZ+AZaZ-aZ =AZ

wherethe a, unit vector isidentical in both orthogonal coordinate systems
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such that

The four remaining unit vector dot products are determined according to
the geometry relationships between the two coordinate systems.

a, = cosb a_+sind a,

a, = -sinp a_+ cos¢ a,

a,a, = a_-(cospa_+sind a,)= cos P

a,a, = ay'(coscb a_+sind a,)= sin
a,a,= a_-(-sinpa_+cosd a,)= -sin¢

a, a, = ay°(—sin¢ a_+cosd a,)= cos

The resulting cylindrical coordinate vector is

A =Apap +A¢a¢ +4. a,
= (A cos +Aysin<1>)ap +(Aycos¢ —Axsin¢)a¢ +4 a,
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In matrix form, the rectangular to cylindrical transformation is

(4 -coscb sin ¢ 04
A, |= -sin cosp 0|4
A 0 0 1|4

Cylindrical to Rectangular Coordinate Transformation

Ao Ay A) = (AaALA)

The transformation from cylindrical to rectangular coordinates can
be determined as the inverse of the rectangular to cylindrical
transformation.

4 _cosd) sin 04
A |=|-sin¢ cosdp 0 A
A 0 0 1 A

-cosd) -sin 0- -A -
=|sin¢g cosd 0|4
0 0 14

The cylindrical coordinate variablesin the transformation matrix must be
expressed in terms of rectangular coordinates.

Cosd):i: X
p x2+y?
sind)zlz Y
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The resulting transformation is

o * S 4 ol .
Ax /x2+y2 /x2+y2 Ap
A = y X 0 b
a) et et |
0 0 1

The cylindrical to rectangular transformation can be written as
A=4a, +Ayay +4. a,
= (Apcosd) -4, sind)a_+ (Apsimb +A¢cos¢)ay +4. a,

A —* 4 Y
0 b a,
Yx?+y? yx2+y?

+

Apé +A¢# a,
/x2+y2 /x2+y2

+AZaZ

Rectangular to Spherical Coordinate Transformation

(Aa A A) = (A As Ay)

The dot products necessary to determine the transformation from
rectangular coordinates to spherical coordinates are

Ar =A°ar =Axax'ar+Ayay°ar+AZaZ~ a,
Ae =A- a, :Axax- aq +Ayay' a, +AZaZ' a,

A¢ =A- a, =Axax° a, +Ayay- a, +AZaZ- a,
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The geometry relationships between the rectangular and spherical unit
vectors are illustrated below.

a, =sin0 a, +cosOa,
=sinO [cosp a_+sind a,]+ cosOa,
=sinB cosdp a_+sinO sind ay+cosO a,
ay = cosO a, -¢0s(90°-0)a,
=cosO [cosp a_+sind a,]- sinO a,
=cosO cosd a_+cosO sind ay—sinO a,

a, = -sinp a_+ cos¢ a,

The dot products are then

cos©

a_-a, =sinBcosd ay°ar:s1nesmd> a,a

7

a_-ay=cosOcosd a, ay = cos Osind a - a,=-sin6

a,a,= -sin a, a, = cosPpsind a, a,=0

and the rectangular to spherical transformation may be written as
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4 -sinﬁcosd) sinOsind cosO 1141
A, |=|cosOcosd cosOsind -sinO ||A4
-sin ¢ cosd 0 A

Spherical to Rectangular Coordinate Transformation

(A Ao Ay) = (AcALA)

The spherical to rectangular coordinatetransformation istheinverse
of the rectangular to spherical coordinate transformation so that

(4 | _sinecos¢ sinOsing cosO ™

A |=|cosOcosd cosOsing -sin0 Aq
A -sin cosd 0 4,

-sinOcosd) cosOsind —sind)- 4|
= | sinOsin¢ cosOsing cosdp ||4,

cos 0 —sin0 0 A o

The spherical coordinate variables in terms of the rectangular coordinate

variables are
2., .2
sin® = P = X'y cos® = Z = z
r \/x2+y2+22 p \/x2+y2+22
Slnd):L: 4 coyb:i: X
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The complete spherical to rectangular coordinate transformation is

X Xz ~y

p - \/x2+y2+22 \/x2+y2 \/x2+y2+22 \/x2+y2 p
X y yZ X ¥

E A
y \/x2+y2+22 \/x2+y2 \/x2+y2+22 \/x2+y2 6

A A
i : fatey? R

_ \/x2+y2+22 \/x2+y2+22




s02

dus -

i urs gsoo

$ 500 gsoo

buis gus

200 guis

aus -

A 802

duls gso9

dusgus

500 gsoa

dsoagus

Department of Electrical Engineering

Dr. Ahmed Abdolkhalig
www.ahmed.ucoz.org

The University of Tobruk

[eauayds .

[eaupuiAD

S10198A 1IUN JO Ssjonpold 10Q

Jgnfueioey

[EappuliAD [eopayds

Jenfusaey



Department of Electrical Engineering

Dr. Ahmed Abdolkhalig
www.ahmed.ucoz.org

The University of Tobruk

Coordinate and Coordinate Component Transformations

Rectangular to Cylindrical Cylindrical to Rectangular Spherical to Rectangular

X = pcosd p = \XZryt r=

= psin S22
y=p ﬁ $ = tan-1 Y 8= .—.ﬂﬂ-l._ Ke+y
zZ=2 X z
z=z b =tan'¥
X
Ac| [cosd sind 0]|A« X N i 0 [ X Xz y
Ay |=|-sind cosd 0||A, Acl | yxZry? x2ey? Ay A xZrytez? xZeyiixPeyiez?  \xZeyl A
A, 0 0 1]lA, Ayl=| _y X__ oM d y yz X ’
Al [ixEey? x2ey? A, Al Yx2ey?ez? x2eyixteytez? (x?ay? o
0 0 1 A, u E . A,
. [xZsy?s 22 [xZ+yZs 22
Rectangular to Spherical Cylindrical to Spherical Spherical to Cylindrical
x = rsinB cosd p =rsin r=yp2+z?
= F i m i ﬁ = 9
¥ = rsinB sing 8 =tan' P
7 =rcosb Z=rcosB z
=0
A| [sinBcosd sinBsind cosd ||Ax A . A ,
x r sinB 0 cosB || p F4 0
Ay |=|cosB cosd cosBsing -sind ||A, Ay |=|cos® 0 -sinB ||A, A, for+z2  |pisz? A,
A, -sing cosd 0 A, | A, 0 1 0 A, Ay |= 0 0 1(|Ag
}H £ - ﬁ a .‘n-_._'
| {p2+z?  yp?+2?
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(1) Transform the component scalars into the new coordinate
system.

(2) Insertthecomponent scalarsintothecoordinatetransformation
matrix and evaluate.

Steps (1) and (2) can be performed in either order.

Example (Coordinate Transformations)

Given the rectangular coordinate vector

4 /x2+y2 . - yz
\/x2+y2+22 * \/x2+y2+22

(a) transform the vector A into cylindrical and spherica
coordinates.

(b.) transform the rectangular coordinate point P (1,3,5) into
cylindrical and spherical coordinates.

(c.) evauate the vector A at P in rectangular, cylindrical and
spherical coordinates.

a

z

(@) x=pcosd 4 - x*+yr _p
y = pSiIld) \/x2+y2+22 p2 +Z2
z=z A = yz __zpsing
‘ \/x2+y2+22 /pz 42
A, cos¢p sing 0|4 cosp sing 0 0l +z2
A, |= -sin¢p cosdp 0 4,|= -sin¢p cosdp 0 0
A, 0 0 1|4, 0 0 1||_zpsind
/pz 2%

1"
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4 - Pcose  _ psing _ , _ zpsing

A=—P (cos¢ a, -sind a, —zsinp a_)

/.2 2 in®
x = rsinOcos ¢ 4 =YXV TS

. - =sin0
2, .22 v

y = rsinOsin VxZ+y? ez
z = rcosO 4 = yz _ _r?sinBcosOsin

: \/x2+y2+22 r

= -rsinOcosOsin

A | |sinOcosdp sinOsind cosO | sin 0
Ay |=|cosBcosd cosOsing -sinB 0
4y | | -sin ¢ cosd 0 | | —rsinOcosOsing |

_ ain2 i 20 o
A_=sin"Bcos¢ - rsinOcos“Osing

A, = sinBcosOcos + rsin’OcosOsind

A, -sin Osin

A =sin0 (sinBcosd - rcos’Osingd ) a,
+sinBcosO (cos¢ + rsinOsind ) a

-sinOsin a,
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(b) P(1,35 - x=1,y=32=5

p=yx2+y? =/12+32=/10 =3.16
¢ =tan"'(y/x)=tan"1(3/1) = 71.6°

z=z=5

r=yxleytez? =y/12432452 = /35 =592

2.2 12 . 22
0= tan'l(x—w) = tan'l(%) =32.3°

z

¢ =tan"}(y/x)=tan"}(3/1) = 71.6°

P(1,35 - P(316716°5 — P (592 32.3 71.6°

(c) Y
A(1,3,5)= V3, - GO 4 _p5354_-2.54a,
J12+32+52 J12+32+52

A(3.16,71.6,5) = — 10 (cos71.6%a, ~sin71.6%a,

y/3.16% +5?

-5sin71.6° a )

=0.169a,-0.507a,-2.53a,

A(5.92,32.3°,71.6°) =
sin32.3° (sin32.3°co0s71.6° - 5.92cos® 32.3°sin71.6°) a,

+8in32.3°¢c0s32.3° (cos71.6° + 5.925in32.3°5in71.6° ) a,
-sin32.3%sin71.6° a,

=1-2.05a, +1.50a, +0.507a,
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Separ ation Distances

Given a vector r, locating the point P, and a vector r, locating the
point P,, the distance d between the points is found by determining the
magnitude of the vector pointing from P, to P,, or vice versa.

Rectangular

d= \/(xz _x1)2 +(y2 _y1)2 +(ZZ_ZI)2
Cylindrical

d = \/p§+p%—2p1pzcos(¢2—¢1)+(ZZ—ZI)2

Spherical

2, 2 : )
d= \/r2 +r, -2r,r,c080,cos0,-2r,r,5in0,sin 0, cos (P, - P,)
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Volumes, Surfacesand Linesin Rectangular,
Cylindrical and Spherical Coordinates

We may define particular three-dimensional volumesin rectangular,
cylindrical and spherical coordinates by specifying ranges for each of the
three coordinate variables.

Rectangular volume (2x2x5 box)

z
(1<x<3)
('1’:2’5) (1,45 (2<y<4)
(3,2,5) | E (3,4,5) (O <Z< 5)
|
-
I
-
/L : -
------------- (1,40) %
(3.2,0) (3,4,0)

X

Cylindrical volume (cylinder of length = 5, diameter = 2)

z
CND (O<p<l)

! (O<Pp<2n)
s ! (0<z<bH)
|
|
LYY I---_-.,
- y
2
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Spherical volume (sphere of diameter = 4)

(O<r<2)
(0<0<m)
(O<Pp<2n)

Specific lines and surfaces can be generated in a given coordinate
system according to which coordinate variable(s) is(are) held constant. A
surface results when one of the coordinate variablesisheld constant while
a line results when two of the coordinate variables are held constant.

Surface on the Rectangular volume (front face of the box)

X=3 (x— constant)
(2<y<4)
(0<z<b5)

Surface on the Cylindrical volume (upper surface of the cylinder)

(O<p<l)
(O<Pp<2n)
z=5 (z- constant)
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Surface on the Spherical volume (outer surface of the sphere)

r=2 (r - constant)
(0<0<m)
(O<Pp<2n)

Line on the Rectangular volume (upper edge of the front face)

X=3 (x - constant)
2<y<4)
z=5 (z- constant)

Line on the Cylindrical volume (outer edge of the upper surface)

p=1 (p - constant)
(O<Pp<2n)
z=5 (z- constant)

Line on the Spherical volume (equator of the sphere)

r=2 (r - constant)
0=m/2 (0 - constant)
(O<Pp<2n)
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Constant Coordinate Surfaces

Rectangular Coordinates

v = constant

\
T

w

= = comstani

Ed

I '

/f/ 2

- Vo= s ianl

'll__ I —
1
i

5

Cylindrical Coordinates

= & oomslant

|
|
.JI——I--H-—I-l

-

o /\L
» @ = ponsfianl

Ly

.

Spherical Coordinates

/ i = constant

r= comsbant

¥

[~ ¢ = constant
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