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Curl andStokes'sheoren

Problem 3.1  For the vector feld E = fxy- §(x* 4 2y?), calculate
(@ 7£ E - dl around the triangular contour shown in Fig. 1.(a), and
C

(b) / (O x E)-ds over the area of the triangle.
S

Solution: In addition to the independent condition that z = 0, the three lines of the
triangle are represented by the equations y = 0, X = 1, and y = X, respectively.

y y
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(a) (b)
Fig 1

(@)
%Edl = L1+L2—|—L3,
Li =/(>‘<xy—>7(><2+2y2))-(>‘<dx+ydy+2dz)

1 0 0
2 2
:/X:() (Xy)|y:()’z:0dX—/y;0 (x*+2y )|Z:0dy+/Z:0 (0)]y—odz =0,
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Lz=/(>‘<xy—>7(><2+2y2))-(>‘<dx+ydy+2dz)

1 1
:/x:1 (Xy)|Z:°dx_/: (x* +2y )‘x 1,2= 0dy+/ 0)|x=; d

_ 3\ |
=0 (1+%)

y=0
Lz=/(>‘<xy—>7(><2+2y2))-(>‘<dx+ydy+2dz)
0 0
:/X:1 (XY)[y=x Zzodx—/: (+2y*)|,_ y = 0dy+/ 0)],_,dz

3y |0 _2
_(y)‘yzl—i_o_g'

Therefore,

%E-dl:O—é-l—%:—l.

Ox E =—73x, so that

//DXE ds_/ / —23x) - (Z2dydx))|,—o
x=0Jy=0

X
:—/ 3xdydx = — / 3X(x—0)dx = (x3)(1):—1,
X=

=0 Jy=0

Problem 3.2  Repeat Problem 3.1 for the contour shown in Fig. 1. b.

Solution: In addition to the independent condition that z = 0, the three lines of the
triangle are represented by the equations y = 0, y = 2 — X, and y = X, respectively.

(@)
7£Ed|:L1—|—L2—I—L3,

L =/(*XV—V(X2+2y2))-(>“<dx+ydy+2dz)
2 0
:/x:o O9)ly-02-0 8% = y=0 (< +2y)], 0dy+/ 0)ly—odz =0,

'—z=/(>?Xy—9(x2+2y2))-(>2dx+9dy+2dz)
1 1
- (Xy)|20,y2—xdx_/y: (€ +2y%) [;osy e 0dy+/ 0)ly—— 02

1 —11

— (=2 )]y + 0= -,
x=2
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Lz=/(>‘<xy—9(><2+2y2))-(>“<dx+ydy+2dz)
0 0
:/le (Xy)|y=x,z:0dx_/y: (¢ +2°) |y o 0dy+/ 0)ly—xd
x3> 0 3 2
= — — y +O_ —
(5] - o=,
Therefore,
jéE dl = 0——+§:_3_
(b) Ox E =23, so that

/ DxE-ds:/xio/y:O ((=23%) - (2dydx))],_,

+ /xil /yi;x ((—=23x) - (2dydx))|,—o

X

2 p2—x
:—/ 3xdydx—/ / 3xdydx
x=0 Jy=0 x=1Jy=0

:_/1 3x(x—0)dx—/2 3%((2 — X) — 0) dx

=) (3R =3

Problem 3.3  Verify Stokes’s theorem for the vector feld B =(Frcos @+ @sin @)
by evaluating:

@ 74 B - dl over the semicircular contour shown in Fig. 2. a, and
C

(b) / (O % B) -ds over the surface of the semicircle.
S

Solution'

7£B di= [ B-dit [ Bedlt [ B,
Ly L,

B-dl = (Prcos @+ @sin@) - (rdr+(prd(p+2dz) = rcos@dr +rsin@de,

2 0
B-dl= (/ rcoscpdr) + (/ rsincpdcp)
Ly r=0 @=0, z=0 =0

- ()02

=0
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y
2

Ly 2 L
/\ 1
- - X 075X

2, 0, 2
(a) (b)
Fig 2.
Tt
B dl = ( rcos(pdr) +(/ rsin(pd(p)
=0 ¢=0 r=2, z=0
=0+ ( 2cos(p)|(p:0:4,
T
B dl= ( rcoscpdr) +</ rsin(pd(p)
@=T1,z=0 ¢=m =0
0
= (=37 |, +0=2,
244+2=8.

jéB-dI:
)

(b

OxB = Ox(frcos @+ Qsin @)

16
ra(p

X

%(simp)> ¢(a(rcos<p) ;ro)

+2% (%(r(sin(p)) - %(WOS(P))

= f0+(i)0+2%(sin(p+ (rsing)) = 2sin(p(1 + F) ,

//DxB-ds:/q:O/rio (2sin(p(1-|—%>> -(Zrdrde)

:/(;O/riosincp(rﬂ)drdw: (eosatir +n)liy)|,_

T
=8.
0

Problem 3.4 Repeat Problem 3.3 for the contour shown in Fig. 2. b.

Solution:
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(@)

jés-dl B.dl+ /B di+ [ B-dit [ Bl
Ly ) L3

B-dl = (frcos @+ @sin ) - (rdr+(prd<p+zdz) = rcos@dr+ rsin@de,

2 0
B-dl= </ rcos(pdr> + (/ I’sin(pd(p)
Ly r=1 @=0, 7=0 =0

= (%rz)‘r:1+oz "

2 i/
B-dl= (/ rcoscpdr) + (/ rsin(pdcp)
L, r=2 7—0 =0

=0+ (— 2cos(p)|(p:0 =2,

1 /2
B-dl= </ rcos(pdr> + (/ rsin(pd(p)
Ls r=2 @=17/2, =0 e=Ty2 =
1 0
B-dl= (/ rcos(pdr) + (/ I’sin(pd(p)
L4 r=1 7=0 @=11/2

=0+ (—COS<P)|O¢=n/z= -1,
%B-dlz§—|—2+0—1:§.

[\

(b)
OxB = Ox(frcos @+ @sin @)

10 0 0
:?<Fa—(p0—a—z(s1n(p)> (p( (rcos

+ 2% (%(r(sin(p)) - %(WOS(P))

r=2, 7=0

r=1, z=0

= fO-I-&JO-I-il(sin(p-l- (rsing)) = 2sin(p(l + %) ,

//DxB ds_/n/z/r 1(251n(p<1+1)).(2rdrd(p)

/2
/ sin@(r+1)drdo

— ((—cos(p(gr + r)) ‘f:l)

w2 5

=0 2
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Problem 3.5  Verify Stokes’s Theorem for the vector feld A= Rcos & @sin by
evaluating it on the hemisphere of unit radius.

Solution:
A =RcosB+ @sin® = RAR + BAg + @A,

Hence, Agr = cos6, Ag=0, Ay=sinb.

PO 0 ~1 0 ~ 1 0AR
. 1 0 0 ~1 0
= RRsme 06( in”@) — Gﬁa—R(RsmG) Ea—e(cose)
_§2cos9_ésin9+Asm9
o R R ¢ R

For the hemispherical surface, ds = RR?sin0d0d¢.

/2
/ / (OxA)-
6=

W2 (R2cos® ,sin® ~sin@\ . , .
/ /9 ( —0 o )-RR sin@dodg
/2

R=1

:4]_[Rs1n9 _on

R=1

0

The contour C is the circle in the x—y plane bounding the hemispherical surface.

om
%A dl = / (Rcos®+@sinB) - QRA@|o_ H/Z—Rsme/ do

o=y2 =2m

Problem 3.6 Determine if each of the following vector felds is solenoidal,
conservative, or both:
(@) A=Rx*—Jy2xy,
(b) B =%x* —yy? +22z,
(c) C=t(sin@)/r> +@cos@)/r?,
(d) D=R/R,
(e) E—i’( — Ir) + 2z,
) F= (Ry+9 )/ (¢ +y
(@) G=%(¢+2%) —9(y’
(h) H=R(Re™R).

%),
+x%) —2(y* +2%),
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Solution:

(@)

O-A = 0-(&%% — §2xy) = :—sz — (%2xy =2x—2x =0,

OxA = Ox (%x* — §2xy)
0 0 0 0 0 0
:"____2 gl 2 v2y 2 "__2 T2
(550 520 ) 49 (500 5:0) +2( 5200~ 2.00))
=RX0+Y0—2(2y) #0.
The feld A is solenoidal but not conservative.

(b)

d 9 d
O0-B=0-(3 =9y +227) = — x> — —y?> + —27=2x—2y+2
(" — Yy~ +222) = = o) +322=2X=2y+2#0,

OxB = Ox (X% — Jy? 4 222)

=X (;—y(ZZ) - %(—ﬁ) +¥ (%(Xz) - :—X(zz)) +2 <:—x(—y2) - %(x2)>

= X0+ Y0+ 20.
The feld B is conservative but not solenoidal.
(©
sin ~cos@
O.c=0- (i’r—z +@ ) )

10 sin@ 10 [cos@ 0

= —— — —— | — —0
ror (r( r2 >)+r6(p( r2 >+az

_ —si3n(p+ —si3n(p+0 _ —Zs3in(p,

r r r
OxC=0Ox <?_51:;(p+(p_A cc:;(p)

(10 0 [cos@ ~ (0 (sin@ 0
—(rapt -2 (7)) ol (%) -r0)
1[0 cos 0 [sin@
1 (& (%) - (7))
_ A1 cos@ cos@ _ s—2cosQ
rosiueal (- (20) _(29)) g 2ems

The feld C is neither solenoidal nor conservative.
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o (RY 1@ [ ,(1 1 0, . 1
Ob=0 (ﬁ) “RR (R (E)) T Rsmo a0 "0+ Raeae’ ~ R

~1 /0 0 /1 N R
—I-(Pﬁ <ﬁ(R(O)) ~ 3 (§>> =0+ 60 + ¢o0.
The feld D is conservative but not solenoidal.

(€)

N S S
14+r  (1+47r)2

343r246r —2r—2r 4 r? 1_2r2+4r+3
(1+7)2 or(14r)?

_ [10E, O0E,\ . [0E OF, 19
IxE= (F%‘E)*"’(E‘W)”(W“Ew)‘

Hence, E is conservative, but not solenoidal.

()
XY+ y X
F_X2+y2 _XX2+y2+yX2+y2’
0 y 0 X
=5 (wy) o (i)
-2 —2
= Xy + Xy 27505

O +y2)?2 (¢ +y?)

0 ) 0 ~ 1 1 0 /1 0
Rsin (a—("sme)‘ano> +93 (ma—@ (ﬁ) PG

0 1

F1£0,

105\
Fa—(p)_o'
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Ox F=%(0—0) +§(0— 0)+z[§x (ﬁ)—% <7

_, 1_2x2_1+2y2
- X2+y2 (X2 _|_y2)2 X2 +y2 (X2 +y2)2

2(y* —%%)
(x2 y2)2
Hence, F is neither solenoidal nor conservative.
(9)
G =%(X*+2°) —y(y’ +x*) —2(y* +7°),

0.5, 5 0,2, 2 0 >

0 G_&(x +z )—a—y(y +X )—E(y +7°)
=2X—2y—27#0,

DxG=k(—a%(y2+z2)+%(y2+x2)>+y( (< +2%) + %(y“rzz))

0 0 ,,
-I-Z( aX(y +x%) — ay(x +z))
= —X2y+Y22—-22x #0.

Hence, G is neither solenoidal nor conservative.

(h)
H=R(Re™™),
H=L 9 (Re R) = i(3R2e’R —Re ™) =e R3-R) #£0
R2 R R2 ’
OxH=0.

Hence, H is conservative, but not solenoidal.






