Tutorial#]

Chapterl

Section-1: Vector Algebra

Problem.1  Vector A starts at point (1,—1,—3) and ends at point (2,—1,0). Find
a unit vector in the direction of A.

Solution:

A=3Q2—1)+§(=1—=(=1))+2(0— (=3)) = £ + 23,
IA| = V1+9=3.16,
A X413

W_ 316 =Xx0.32+20.95.

a

Problem.2  Givenvectors A=%2—y3+2, B=x2—-y+23,and C=%4+§2—-172,
show that C is perpendicular to both A and B.

Solution:

AC=(R2-93+2) (R4+§2-22) =8—6—2=0,
B-C=(R2—§+23)-(R4+§2—22) =8—2—6=0.

Problem.3 In Cartesian coordinates, the three corners of a triangle are P;(0,4,4),
P,(4,—4,4), and P;(2,2,—4). Find the area of the triangle.

Solution: LetB = PF’}Z =%4—y8and C = Pﬁ% = X2 — y2 — 28 represent two sides of
the triangle. Since the magnitude of the cross product is the area of the parallelogram
(see the def nition of cross product), half of this is the area of the

triangle:

4—§8) x (X2 —92—128)|

(%
|£(=8)(—8) + §(—(4)(—8)) +2(4(-2) — (-8)2)]|
— 1|64+ §32 4 28 = 11/642 1+ 322 1 82 = 1/5184 = 36,

=1|BxC| =3

NI—= Nl= =

Problem.4  Given A = X2 —93+421 and B = XBx+ §2 + 2B;:
(a) fnd By and B; if A is parallel to B;
(b) fnd a relation between By and B; if A is perpendicular to B.
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Solution:
(a) If A is parallel to B, then their directions are equal or opposite: 4x = +4g, or

A/|A|=£B/|B|,
R2-§3+2 _ , 8B +§2+1B;

V14 \JA+BI+BZ'

From the y-component,
-3 +2
V14  \/4+Bj+B?

If solved for the minus sign (which means that A and B must point
in opposite directions for them to be parallel). Solving for B2 + B2,

-2 2 2
B2 +B2= (—3\/ﬁ> —4:§.

From the Xx-component,

2 —By 5 _ 256 _ —4

V1d /569’ T 3/14 3

and, from the z-component,

-2
BZ = T .
This is consistent with our result for B2 + B2

These results could also have been obtained by assuming Oag was 0° or 180° and
solving |A||B| = +A - B, or by solving A x B=0.

(b) If A is perpendicular to B, then their dot product is zero.

OZA'BZZBX_6+Bz,
or
Bz:6—2Bx.

There are an inf nite number of vectors which could be B and be perpendicular to A,
but their X- and z-components must satisfy this relation.

This result could have also been obtained by assuming 8ag = 90° and calculating
|A[|B] = [A xBJ.

Problem.5 Given vectors A = X+§2—23, B=%2—y4,and C =§2 — 74, fnd



(a) Aand a,
(b) the component of B along C,

(©) Bac,
(d) AxC,
(e) A-(BxC),
®H Ax(BxC),
(g) XX B, and
(h) (Ax§)-2.
Solution:
(@)
A=1/124224(=3)* = V14,
and,
f — X+$2-123
A Jid
(b) The component of B along C is given by
B-C -8
BcosOgc = — = —=—1.8.
BC c 56
(¢) From,
4 A-C ., 4412 16
Bac =cos ' —— =cos | ————= =cos | — = 17.0°.
e AC V1420 V280
(d) From,

AXC=%2(—-4)—(-3)2)+9((—3)0—1(—4)) +z(1(2) —2(0)) = —%2+ 94 + 22.
(e) From,
A-(BxC)=A-(X16+98+24) = 1(16) +2(8) + (—3)4 = 20.
®
Ax(BxC)=Ax(X16+§8+24) = %32 — 952 —224.



(g) From,

(h) From,

Problem.6 Given vectors A = X2 —y+23 and B = X3 — 72, f nd a vector C whose
magnitude is 9 and whose direction is perpendicular to both A and B.

Solution: The cross product of two vectors produces a new vector which is
perpendicular to both of the original vectors. Two vectors exist which have a
magnitude of 9 and are orthogonal to both A and B: one which is 9 units long in
the direction of the unit vector parallel to A x B, and one in the opposite direction.

CoioAXB _ o (R2-§+23)x (83 -22)
[AxB| [(]2-§+23) x (R3 - 22)|
R2+913+23
=g Y E (81,344 98.67+22.0).

V2 EI132 432

Problem.7  Given A = X(X+2y) — y(y+ 3z) +2(3x—Yy), determine a unit vector
parallel to A at point P(1,—1,2).

Solution: The unit vector parallel to A = X(x+2y) — §(y+32) + 2(3x—y) at the

point P(1,—1,2) is

A(l,-1,2 —X—§y5+24 —X—§y5+24

|A§1’ 1’2;| _ S S A S \/y_“ ~ —R0.15—§0.77+20.62.
Y (e .

Problem.8 By expansion in Cartesian coordinates, prove:
(a) the relation for the scalar triple product, and
(b) the relation for the vector triple product.

Solution:
(a) Proof of the scalar triple product given by,

A x B = R(AyB; — ABy) + §(ABy — AB,) + 2(AxBy — A,By),



C = i(ByCZ — Bzcy) + 9(82CX — Bxcz) + Q(Bxcy — ByCX),

it is easily shown that

A- (B x C) = Ay(ByC; — B,Cy) + Ay(B,Cx — BxC;) + Az(BxCy — ByCy),

B (C x A) = By(CyA; — C,Ay) + By(C,Ax — CxA;) + B, (CxAy — CyAy),

C . (A X B) - Cx(AyBZ - Asz) +Cy(Asz - Asz) +C2(AxBy — AyBx),

which are all the same.
(b) The evaluation of the left hand side employs the expression above for B x C:
= ﬁ(Ay(Bch — ByCX) — Az(BZcX — Bxcz))
while the right hand side is
+ S’(By(AXcX + AZCZ) — Cy(AxBX + Asz))

By rearranging the expressions for the components, the left hand side is equal to the
right hand side.

Problem.9  Find an expression for the unit vector directed toward the origin from
an arbitrary point on the line described by x =1 and z = 2.

Solution: An arbitrary point on the given line is (1,Y,2). The vector from this point
to (0,0,0) is:
A=x(0—-1)+§(0—y)+2(0—-2) =—x—§yy—2z,

Al=V1+y2+4=1/5+y2,
A —R—yy-22

W B \V5+y?

a—=



Problem.10 Find an expression for the unit vector directed toward the point P
located on the z-axis at a height h above the x-y plane from an arbitrary point
Q(X,y,—3) in the plane z = —3.

Solution: Point P is at (0,0,h). Vector A from Q(X,y,—3) to P(0,0,h) is:

A=%(0—x)+9(0—y)+2z(h+3) = —%x—3yy+2(h+3),
Al =[C+y + (h+3)7'2,

A —XX—yy+12(h+3)

[A] T pe+y2+ (h+3)12°

a—=

Problem.11 Find a unit vector parallel to either direction of the line described by

2X+z=4.

Solution: First, we fnd any two points on the given line. Since the line equation
is not a function of y, the given line is in a plane parallel to the x—z plane. For
convenience, we choose the Xz plane with y = 0.

For x =0, z =4. Hence, point P is at (0,0,4).

Forz=0, x =2. Hence, point Q is at (2,0,0).

Vector A from P to Q is:

A=%(2-0)+§(0—0)+2(0—4) =2 —24,
s A _R2-u
Al V20

Problem.12 Two lines in the X-y plane are described by the expressions:

Line 1 X+2y = —6,
Line 2 3X+4y=238.

Use vector algebra to fnd the smaller angle between the lines at their intersection
point.

Solution: Intersection point is found by solving the two equations simultaneously:

—2X—4y =12,
3x+4y = 8.
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Figure P.12: Lines 1 and 2.
The sum gives X = 20, which, when used in the frst equation, gives y = —13.

Hence, intersection point is (20, —13).
Another point on line 1 is X =0, y = —3. Vector A from (0,—3) to (20,—13) is

A = %(20) + §(—13+3) = 20— 10,
A] = v/202 + 102 = v/500.
A point on line 2 is X =0, y = 2. Vector B from (0,2) to (20,—13) is
B = £(20) + §(—13 —2) = X20 — 15,

|B| = /202 + 152 = v/625.

Angle between A and B is
A-B 400+ 150
Bag = cos™! (—) =cos™! (7> =10.3°.
* [AllB] V500 V625
Problem.13 A given line is described by
X+2y =4.

Vector A starts at the origin and ends at point P on the line such that A is orthogonal
to the line. Find an expression for A.



Solution: We frst plot the given line. Next we fnd vector B which connects point
P1(0,2) to P,(4,0), both of which are on the line:

B=%(4—-0)+§(0—2) =x4—7¥2.
Vector A starts at the origin and ends on the line at P. If the x-coordinate of P is X,

y

A

NUP0.2)

P2(4,02 X

(0,0) \

Figure P.13: Given line and vector A.

then its y-coordinate has to be (4 —X)/2 in order to be on the line. Hence P is at

(X, (4—x)/2). Vector A is
4—x

But A is perpendicular to the line. Hence,
A-B=0,
[ﬁx—i—y (%)] -(%4—¥2) =0,
4X—(4—x)=0, or

Xx=-=0.8.
5

Hence,
4—-0.8

A:ﬁ0.8+§7( ):i0.8+§71.6.




Problem.14 A certain plane is described by
2X+3y+4z = 16.

Find the unit vector normal to the surface in the direction away from the origin.

Solution: Procedure:

1. Use the equation for the given plane to fnd three points, Py, P, and P; on the
plane.

2. Find vector A from P; to P, and vector B from P; to P;.

3. Cross product of A and B gives a vector C orthogonal to A and B, and hence
to the plane.

4. Check direction of ¢.

Steps:

1. Choose the following three points:

P, at (0,0,4),
P2 at (8a0a0)7
P; at (0, 13—6, )

2. Vector A from P; to P,
A=x8-0)+y(0—-0)+z(0—4) =%8—124

Vector B from P; to P

3.
C=AxB
= R (AyB,— A.By) + § (A;Bx — AxB;) + Z(ABy — ABy)
16 16
=% (o-(—4)—(—4)-?> +9((—4)-0—8-(—4))+2 (8-?—0-0)
64 128
=X —+§32+2—



Verify that C is orthogonal to A and B

64 128 512 512
A- = - —_— 2- _— —4 = —— =
C (8 3)+(3 0)+(3 ( )) 3 3 0

64 16 128 512 512
B-Cc= (“?) +(32'?) ¥ (T'(_4)) =33 0

C X% 493242128
A y 3 —%0.37+§0.56+20.74.
1

3
VEY ey

¢ points away from the origin as desired.

Problem.15 GivenB=  f£—3y)+9(2x—3z) —z(X+Y), f nd a unit vector parallel
to B at point P(1,0,—1).

Solution: AtP(1,0,—1),

B=x%(—1)+§2+3)—2(1) = % +§5—12,
B —%+§5-2 —R+§5-2

b= B _ _
IB|  V1+25+1 V27

Problem.16 = Using arrow representation, sketch each of the following vector f elds:
(a) E; =—xy,
(b) Ex =yx,
(©) E3 =xx+7Vy,
(d) E4=%x+732y,
(&) Es=gqr,
(f) Eg = rsin@.



»
>

Figure P.16: Arrow representation for vector feld E =

Solution:
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A
E¢= rsin@

Problem.17 Use arrows to sketch each of the following vector f elds:
(a) E; =xx—yy,
(b) E; =@,
(© E; =7y,
(d) E4 =1tcosq.

Solution:
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E,=y(1/x)
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Sections-2: Coordinate Systems

Problem.18 Convert the coordinates of the following points from Cartesian to
cylindrical and spherical coordinates:

(a) Pl(l,z,o)a

(b) P2(07052),

(C) P3(17173)3

(d) P4(_2727_2)

Solution: Use the “coordinate variables” column in the Table.
(a) In the cylindrical coordinate system,

P = (V12422 tan ! (2/1),0) = (\/5, 1.107 rad,0) =~ (2.24,63.4°,0).
In the spherical coordinate system,
Pr= (V12422402 tan" ' (/12 4+22/0),tan"" (2/1))
= (\/§, /2 rad, 1.107 rad) = (2.24,90.0°,63.4°).

Note that in both the cylindrical and spherical coordinates, @is in Quadrant I.
(b) In the cylindrical coordinate system,

P, = (/024 02,tan'(0/0),2) = (0,0 rad,2) = (0,0°,2).
In the spherical coordinate system,
P, = (V02 +02+22,tan"! (/02 +02/2),tan"' (0/0))
= (2,0 rad,0 rad) = (2,0°,0°).

Note that in both the cylindrical and spherical coordinates, @ is arbitrary and may
take any value.
(¢) In the cylindrical coordinate system,

P; = (V124 12,tan" ! (1/1),3) = (V2,T/4 rad, 3) = (1.41,45.0°,3).
In the spherical coordinate system,

P; = (V12412432 tan" ! (v/12 4+ 12/3),tan ! (1/1))

= (V/11,0.44 rad, /4 rad) ~ (3.32,25.2°,45.0°).

Note that in both the cylindrical and spherical coordinates, @is in Quadrant I.



(d) In the cylindrical coordinate system,

Py = (y/(=2)?+22,tan""' (2/ —2),—2)

= (2v/2,31/4 rad, —2) ~ (2.83,135.0°,—2).

In the spherical coordinate system,

Py = (\/(—z)2+22+ (=2)%,tan! (/(=2)* +22/ —2),tan"' (2/ —2))
— (2/3,2.187 rad, 31/4 rad) ~ (3.46,125.3°,135.0°).

Note that in both the cylindrical and spherical coordinates, @is in Quadrant II.

Problem.19 Convert the coordinates of the following points from cylindrical to
Cartesian coordinates:

(a) Pl (2a T[/47 _2)9
(b) P2(3705 _2)5
(c) P3(4,m3).

Solution:

(@

Pi(x,y,2) = Pi(rcos@,rsin@,z) = P (2005 ;,2sin;,—2) =P;(1.41,1.41,-2).

(b) Py(x,Y,2) = P2(3¢c0s0,3sin0,—2) = P,(3,0,-2).
(©) Ps(xy,2) = Ps(4cosTL4sinT;, 3) = P3(—4,0,3).

Problem.20 Convert the coordinates of the following points from spherical to
cylindrical coordinates:

(a) Pi(5,0,0),
(b) P»(5,0,m),
(c) P3(3,11/2,0).
Solution:
(@)
Pi(r,@z) = P;(RsinB,@,Rcos0) = P;(5sin0,0,5cos0)
= P;(0,0,5).

(b) Py(r,,z) =P,(5sin0,T0 5¢c0s0) = P,(0, 11 5).



(¢) P3(r,,z) =Ps(3sin,0,3cos J) = P5(3,0,0).

Problem.21 Use the appropriate expression for the differential surface area ds to
determine the area of each of the following surfaces:

(@ r=3 0<@<m3; —2<z<2,

(b) 2<r<s; M2<0<T1™ 2=0,

(© 2<r<s; o=1/4; —2<2<2,

@ R=2 0<B<T/3; 0<Q<T

() 0<R<5 6=1/3; 0<@<2M
Also sketch the outlines of each of the surfaces.

Solution:

y A
y .. /
5 2
(b) (©
(d) ()

Figure P.21: Surfaces described by Problem.21.

(a) Using,

2
=41
7==2

A= [Ty Oestone= (o)



(b) Using,

5 T T 211
_ — ( (2] -7
A= /r—2/<P:n/2 (1)~ dpdr = ((21’ (p)‘rzz)‘fp:ﬂﬂ 4 -

(¢) Using,

5
=12.
r=2

A= [ [ Oleadraz= ()

(d) Using,

" 0) dde(4 0 )"—m
/(p:O 2 sin ‘RZ @dB = ( (—4@cos )|90 Lp:o

(e) Using,

_ _ 1920 1[ 21
A—/R 0/ (Rsin®)|q_ n/3d(de ((2R (psm3)‘(p:0>

> 2531
R=0 2

Problem.22 Find the volumes described by
(@ 2<r<s5; m2<e<m 0<2<2,
(b) 0<R<S5 0<0<T/3; 0< <21

Also sketch the outline of each volume.

Solution:

z z

A
5

.2-

/ 2 s Y y
X X
(a) (b)
Figure P.22: Volumes described by Problem.22 .
(a) From,

Tt
cp:ﬂ/Z)

2 Tt 5
V= Z:0/(1):11/2/r:2rdrd(pdz: ((( r (PZ)| )



(b) From,

2 Y3 p5
V= / R2sinBdRdOdo
0=0.J0=0 JR=0
5
R:0>

R3
- —cosf—
( ( cos 3 (p)
Problem.23 A section of a sphere is described by 0 <R <2, 0<0<90°, and
30° < @< 90°. Find:

(a) the surface area of the spherical section,

T[/3 21

=0/ |0

(b) the enclosed volume.
Also sketch the outline of the section.

Solution:

Figure P.23: Outline of section.



/2 /2
S= R%sin0d0d@Rr=

@=T11/6 /8=0
—a(T_T_ 2] _ g AT o
—4(2 6)[ cos 9|, ]—4x3— 3 (m?),

2 /2 /2

v :/ / R2sinBdRdOdo

R=0J @=1/6 J6=0

R /m T w2, 8T 8T
= —| (z—=)[-cosB|y =5 =~ (m?).

3 0(2 6) © 733 9

Problem.24 A vector feld is given in cylindrical coordinates by

E =trcos @+ (i)r sin @+ 22°.
Point P(2,,3) is located on the surface of the cylinder described by r = 2. At point P,
fnd:

(a) the vector component of E perpendicular to the cylinder,
(b) the vector component of E tangential to the cylinder.
Solution:
(@) E,=#(f-E)=#[t- (Frcos @+ @rsin @+ 2z%)] = frcos @
AtP(2,13), E, = f2cosTt= —12.
(b) E;=E—E, =@rsin@+ 27>
AtP(2,13), E; = @sinTt+ 23% = 29.

Problem.25 At a given point in space, vectors A and B are given in spherical
coordinates by
A=R4+02-0q,
B =—R2+@3.

Find:
(a) the scalar component, or projection, of B in the direction of A,

(b) the vector component of B in the direction of A,
(c) the vector component of B perpendicular to A.

Solution:



(a) Scalar component of B in direction of A:

C:B'f‘:B-i:(—ﬁer@g).w

|Al V16+4+1
—8—-3 11
= =— =-24.
V21 V21
(b) Vector component of B in direction of A:
C R Aa A (—2.4)
C=aC=A— =(R4+02—

= —(R2.09+61.05—@0.52).
(c¢) Vector component of B perpendicular to A:
D=B-C=(—R2+3)+ (R2.09+61.05 — 90.52)
=R0.09+01.05+2.48.

Problem.26 Given vectors

A = #(cos O+ 32) — Q(2r + 4sin @) + 2(r — 22),
B = —fsin@+ Zcos @,
fnd
(a) eAB at (2’]-[/2’0),
(b) a unit vector perpendicular to both A and B at (2,11/3,1).

Solution: It doesn’t matter whether the vectors are evaluated before vector products
are calculated, or if the vector products are directly calculated and the general results
are evaluated at the specif ¢ point in question.

(a) At (2,7/2,0), A = —@ + 22 and B = —. From Eq. (3.21),

A-B 0
Bag = cos ! (ﬁ) =cos ! (E) =90°.

(b) At (2,1/3,1), A=} —@4(1 + $v/3) and B= —#1/3+21. Since A xB is
perpendicular to both A and B, a unit vector perpendicular to both A and B is given
by

AxB _ | H-40+3v3)(3) - &DE) 240+ 5v3)(3V5)
o \/(2(1+%\5))2+(%)2+(3 +2v3)°
~ F(£0.487 + (0.228 +20.843).






