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Chapter2

Sections-1: Charge and Current Distributions

Problem.1 A cube 2 m on a side is located in the frst octant in a Cartesian
coordinate system, with one of its corners at the origin. Find the total charge
contained in the cube if the charge density is given by p, = xy>e =% (mC/m?>).

Solution: For the cube shown in Fig. P.1,

2 2 g2
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Figure P.1: Cube of Problem.1

Problem.2 Find the total charge contained in a cylindrical volume defned by
r<2mand0<z<3mifp, =20rz (mC/m?).

Solution: For the cylinder shown in Fig. P.2,

3 pom g2
Q:/ / 20rzrdrdodz
z=0Je=0Jr=

0
10 2 2m 3
_ (?r3(p22> = 48071 (mC) = 1.5 C.

r=0l¢p=0lz=0
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Figure P.2: Cylinder of Problem.2

Problem.3 Find the total charge contained in a cone defned by R <2 m and
0 < 0 < 11/4, given that p, = 10R? cos? 0 (mC/m?).

Solution: For the cone of Fig. P.3,

2,4 2
Q= / / 10R? cos? BR? sin8dR dO d o
¢=0J8=0 JR=0

= (—72 R>@cos? 6)

3
- ? - (?) — 86.65 (mC).

2 4 2m

R=018=0lp=0
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Figure P.3: Cone of Problem.3

Problem.4 If the line charge density is given by pj = 24y? (mC/m), f nd the total
charge distributed on the y-axis fromy=—5toy =>5.

Solution:

5 5 3
Qz/ pldyz/ 24y2dy:¥ =2000 mC =2 C.
-5 -5

5
-5

Problem.5 Find the total charge on a circular disk defned by r < aandz=0 if:
(a) ps = Psocos @(C/m?),
(b) ps = psosin’ @ (C/m?),
(¢) ps=psoe™" (C/m?),
(d) ps = psoe™"sin’ @ (C/m?),
where Py is a constant.

Solution:
(a)
oM
=0.
0

a
sin
0

a 21 r2
Q=/psd5=/ / Psocos@ rdrd@=pso —
r=0Jq@=0 2

(b)

a 21 22

Q=/ / psosin®@ rdrde=py =
r=0J@=0

r 2 /1 —cos2@
| () e

_ psod@® [ sin2¢
-5 ()

21 T[a2 )
= —~  Ms0-
0 2




(©

a 21 a
Q:/ / psoe‘rrdrd(pZZTrpso/ re”"dr
r=0.J =0 0

=2mpyy [—re " —e"]g
= 2Tpyo[1 —e~ (1 +a)].

(d)
a 21
Q:/ / psoe "sin? @ rdrde
r=0J@=0
a 21T
= psO/ re*rdr/ sin® @d@

r=0 =0
=pso[l —e (1 +a)] - t=Tpg[1 —e~?(1+a)].

Problem.6 IfJ= §4xz (A/m?), fnd the current | f owing through a square with
corners at (0,0,0), (2,0,0), (2,0,2), and (0,0,2).

Solution: the net current f owing through the square shown in Fig.

P.61s
2 2
I:/J-ds:/ / (y4x2)
S x=0Jz=0

2 2
-(ydxdz) = (X*2
¥ )= (

y=0

=16 A.
=0

x=0

Figure P.6: Square surface.



Problem.7 IfJ= RS5/R (A/m?), fnd I through the surface R = 5 m.
Solution: Using Eq. (4.12), we have

21 T .5 .
I:/J-ds:/ / (R—> .(RR?sin0d0dg)
s ¢=0Jo=0 \ R

T 21
= —5R@cos O =100m=314.2 (A).

=0

R=516=0

Problem.8 An electron beam shaped like a circular cylinder of radius r carries a

charge density given by
_( _—Po 3
py = <1+r2> (C/m’),

where Py is a positive constant and the beam’s axis is coincident with the z-axis.
(a) Determine the total charge contained in length L of the beam.
(b) Ifthe electrons are moving in the +z-direction with uniform speed u, determine
the magnitude and direction of the current crossing the z-plane.

Solution:

(a)
ro L ro L _po
= qu/:/ / ( >2T[rdrdz
Q /r:o z:op r=0Jz=0 \ 1 +1r2

ro r 2
_ —2T[p0L/O e dr = —TpoLIn(1 4 13).

(b)
J=pu=—2—P_ (Am?),

- 1412
I:/J-ds

1) 21T R upo .
—/r:()/(p:o <_Z1+r2> -zrdrdo

ro r
= —2T[upo/0 e dr = —1upgIn(1+ rg) (A).

Current direction is along —Z.




Section-2: Coulomb’s Law

Problem.9 A square with sides 2 m each has a charge of 40 uC at each of its four
corners. Determine the electric feld at a point 5 m above the center of the square.

R;

Q3(_ 1 " 1 70)
Qa(-1,1,0)

Y
<

Q4(1"1’0)

\ /
V

Qu(1,1,0)

Figure P.9: Square with charges at the corners.

Solution:  The distance |R| between any of the charges and point P is



IR =vV12+ 12452 =+/27.

Q [ Ry R, R; Ry
~ e [|R|3 TRFTRETRE
Q [—%—§+25 K—§+25 —K+§+25 K+§+25
:4TI£0[ R L EE

SQ . Sx40pC 142
Q7,27 TE, | TE

=1

x 107% (V/m) = 251.2 (kV/m).

Problem.10 Three point charges, each with = 3 nC, are located at the corners
of a triangle in the Xy plane, with one corner at the origin, another at (2 cm,0,0),
and the third at (0,2 cm,0). Find the force acting on the charge located at the origin.

Solution: the electric feld at the origin due to the other
two point charges [Fig. P.10]:

1 [3 nC (—)‘(0.02)] 3nC (—§0.02) _ 6748+ ) (KV/m) at R = 0.

“ame | (0.02)° (0.02)3
the force F = gE =—202.2(x+§) (UN).
y
; R, =-X2cm
2cmyQ R;=-y2cm

R,
R Q «

Q 2 cm

Figure P.10: Locations of charges in Problem.10.

Problem.11 Charge q; = 6 pC is located at (1 cm,1 cm,0) and charge 0
is located at (0,0,4 cm). What should g, be so that E at (0,2 cm,0) has no
y-component?

Solution: For the conf guration of Fig. P.11,



4cm ¢
R;=-X+y(2-1)=(X+§) cm

R, = (y2 - z4) cm

E,

a E;
Figure P.11: Locations of charges in Problem.11.

. 1 J6pC(—%+9) x 1072 (92 —24) x 1072
E(R=§2em) = 1% (2 x 10-2)3/2 (20 x 10-2)3/2

1
= E[—f(zlll X 1070 +§(21.21 x 107° 4 0.224q,)
—20.447q;]  (V/m).

IfEy =0, then g = —21.21 X 10°°/0.224 =~ —94.69 (UC).

Problem.12 A line of charge with uniform density pj = 8 (UC/m) exists in air
along the z-axis between z = 0 and z= 5 cm. Find E at (0,10 cm,0).

Solution: for the line of charge shown in Fig. P.12 gives

1 A/p|dll
E=— [ R
4TIE()/|’ R2 "’

R =§0.1—2z

1 [00s e (30.1—12)
- 1076~ =%
4TE, /z:o @10 o2 27

0.05

_8x10_6l §10z+2
- 2., 2

4T (0.12+22]|,_,

= 71.86 x 10° [§4.47 —21.06] = §321.4 x 10° —=276.2 x 10> (V/m).




Figure P.12: Line charge.

Problem.13 Electric charge is distributed along an arc located in the x—y plane
and defned by r=2 cmand 0 < < 11/4. If p; =5 (UC/m), fnd E at (0,0,2) and
then evaluate it at (a) the origin, (b) Zz=5 cm, and (¢) Z= —5 cm.

Solution: For the arc of charge shown in Fig. P.13, dl = rde@= 0.02d¢@, and
R’ = —%0.02cos @— $0.02 sin @+ 2z.

1 < prdl’
E=— /R
4T[50A R’?

1 /ﬂ/4 (—%0.02 cos @— $0.02 sin @+ 22)

L 0.02d
4Ty Jomo " ((0.02)% +22)3/2 ’
_ 898.8 [~%0.014 — §0.006 4 20.782] ~ (V/m).

((0.02)2 4 22)*

(a)Atz=0,E = —%1.6—§0.66 (MV/m).
(b) Atz=5cm, E = —%81.4— §33.7+2226 (kV/m).
(©) Atz=—5cm, E = —%81.4 —§33.7— 2226 (kV/m).
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Figure P .13: Line charge along an arc.
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Section-3: Gauss’s Law

Problem.14 Three inf nite lines of charge, all parallel to the z-axis, are located at
the three corners of the kite-shaped arrangement shown in Fig.-14. If the



two right triangles are symmetrical and of equal corresponding sides, show that the
electric feld is zero at the origin.

-2p

Y P

Y
x

Figure P.14: Kite-shaped arrangment of line charges for Problem.14.

Solution: The feld due to an inf nite line of charge is given by the
present case, the total E at the origin is

E=E;+E;+E;.

The components of E; and E, along X cancel and their components along —y add.
Also, E3 is along ¥ because the line charge on the y-axis is negative. Hence,

. 2picos® . 2p
N 2T R, y2T[E()R2.

But cos® = R /R;. Hence,

. PR
E=-— — =0.
yT[EoRl R, +yT[EoR2

Problem.15 Three inf nite lines of charge, p;, = 3 (nC/m), p;, =3 (nC/m), and
p1, = 3 (nC/m), are all parallel to the z-axis. If they pass through the respective points



Pi3

(Osb) L

(Os_b) 1 pl 1

Figure P.15: Three parallel line charges.

(0,—b), (0,0), and (0,b) in the x-y plane, fnd the electric feld at (a,0,0). Evaluate
your result fora=2cmand b= 1 cm.

Solution:
P, =3 (nC/m),
p,=—3 (nC/m),
Pi; =Py

E=E,;+E;+E;.

Components of line charges 1 and 3 along y cancel and components along x add.
Hence,

. 2Py . P
E= 0 2.
X 2TEGR, cosP+xX 2TEpa
a
with cos0 = ——— and R| = Va2 + b2,

Va1 b2

X3 2a 1
az+bh? a

_ - —9
=5 ] x10~°  (V/m).



Fora=2cmandb=1cm,

E=%162 (kV/m).

Problem.16 A horizontal strip lying in the x-y plane is of width d in the
y-direction and infnitely long in the X-direction. If the strip is in air and has a
uniform charge distribution pg, use Coulomb’s law to obtain an explicit expression
for the electric feld at a point P located at a distance h above the centerline of the
strip. Extend your result to the special case where d is inf nite.

Figure P.16: Horizontal strip of charge.

Solution: The strip of charge density ps (C/m?) can be treated as a set of adjacent line
charges each of charge p; = ps dy and width dy. At point P, the felds of line charge
at distance y and line charge at distance —Y give contributions that cancel each other
along y and add along Z. For each such pair,

. 2psdycosB
-7

dE
2TEGR



With R = h/cos 6, we integrate from y = 0 to d/2, which corresponds to 8 = 0 to
B8 = sin '[(d/2)/(h* + (d/2)?)'/?]. Thus,

d/2 . Ps [9/2cosB Ps [®cos’® h
E_/o dE_ZT[so/o R dy_zmo/o h  cos20

~ Ps
=17
Ty

6.

A

For an inf nitely wide sheet, 8 = 11/2 and E = 2 2% ,
0

Problem.17 Given the electric fux density
D =R2(x+Yy) +9(3x—2y) (C/m?),

determine

(@) py,

(b) the total charge Q enclosed in a cube 2 m on a side, located in the frst octant
with three of its sides coincident with the X-, y-, and z-axes and one of its
corners at the origin, and

(c) the total charge Q in the cube,

Solution:
(a) By applying
=0-D= i(2x+2 )+ i(3x—2 )=0
py = = y 3y y)=0.

(b) Integrate the charge density over the volume:

2 2 2
Q:/ D-qu/:/ / 0dxdydz = 0.
v x=0Jy=0Jz=0

(c) Apply Gauss’ law to calculate the total charge
Q = %D -ds = Ffront + Fback + Fright + Fleft + Ftop + Fbottoma

- (xdzdy)

2 2
Fron = [~ [ (20c+y) +3(x-2y)
y=0Jz=0 oo

2 2
:/ 2(x+y)| dzdy= |2z (2y+ly2>
y=0Jz=0 2

x=2 =0/ ly=0



2 2
Foe = [ [ (20cky) +30x=2y))| - (~xdzdy)
y=0J2=0 o
. 2 2
:—/ 2(x+y)|  dzdy=— | zy? = -8,
y=0/2=0 x=0 z=0 y=0
2 2
Fan = [ [ (G20cky) +3(x-2y))| - (§dza
x=0Jz=0 y=2
2 2
2 2 3
:/ / (3x—2y)| dzdx= z<§x2—4x> — 4,
x=0J2=0 y=2 2=0/ Ix=0
2 2
FleftZ/ / (R2(x+y) +§3x—2y))| - (~§dzdx)
x=0 J2=0 Vo
, ; 2 2
:—/ / (3x—2y)| dzdx=— z(—x2> = —12,
x=0Jz=0 2
y=0 z=0 x=0
2 2
Foo= [ [ (R20cHy)+3(x=2y))| - (ayay
x=0Jz=0 7—2
2 2
:/ / 0| dydx=0,
x=0J2=0
=2
2 2
Footom = /X_O /Z_O(iz(x+y)+y(3x—2y)) - (2dydx)
R 7=0
2 2
_ / / 0| dydx=0.
x=0Jz=0
=0
Thus Q = %D-ds:24—8—4—12—l—0+020.
Problem.18 Repeat Problem.17 for D = ixy3’z3 (C/m?).
Solution: 3
(@) py = 0-D :&(xy3z3) =y
(b) Total charge Q is given by:
2
2 2 2 4
Q:/ D-qu/:/ / y3z3dxdydz:xyélZ =32C.
Vv 7=0Jy=0 Jx=0 16
x=01y=01z=0




(¢) Using Gauss’ law we have

%g]) -ds = Ftront + Foack + Fright + Fett + Ftop + Foottom-

Note that D = XDy, so only Fgone and Fyack (integration over z surfaces) will contribute
to the integral.

2 2 33
Ffront — / / (Xxy z )

z=0Jy=0

2 2

z=0Jy=0 e

2 2
Foack :/ / (fKXy323)
2=0 Jy=0

Thus Q = jén-ds:32+0+0+0+0+0:32 C.

-(xdydz)

x=2

2
_ [, (Y
dydz= |2 (F)
2 y=0

2
-(—xdydz) = —/
=0

x=0

=32,
z=0

2
xy’z}|  dydz=0.
=0

y x=0

Problem.19 Charge Q; is uniformly distributed over a thin spherical shell of
radius a, and charge Q; is uniformly distributed over a second spherical shell of
radius b, with b > a. Apply Gauss’s law to fnd E in the regions R <a, a<R < Db,
and R > b.

Solution: Using symmetry considerations, we know D = RDg. From,
ds = RR?sin@dBd@ for an element of a spherical surface. Using Gauss’s law in
integral form,

%D-ds: Qtots
S

where Qo is the total charge enclosed in S. For a spherical surface of radius R,

21 pT
/ / (RDg) - (RR?sin8d0d) = Quer,
@=0.J6=0

DRrR?(210)[— cos 8] = Quor,

_ Qtot
4TR?

Dr

we know a linear, isotropic material has the constitutive relationship
D = €E. Thus, we fnd E from D.



(a) In the region R < a,

— D _ 1A‘Qtot _
Qtot =0, E=REg = TR 0 (V/m).

(b) In the region a < R < b,

. RQ;
Qtot = Q1,5 E =RER = TR (V/m).

(¢) In the region R > D,

- R(Q;+Q2)
Qtot:Q1+Q2, E:RER: W (V/m)

Problem.20 The electric fux density inside a dielectric sphere of radius a
centered at the origin is given by

D =RpoR (C/m?),

where Py is a constant. Find the total charge inside the sphere.

Solution:

T 21
Q= %D-ds:/ / RpoR - RR?sin0d0do
S 6=0 J =0 R=a

Tt
= 21poa’ /0 sin8dB = —21poa’ cos B| = 41pea® ().

Problem.21 In a certain region of space, the charge density is given in cylindrical
coordinates by the function:

py = 50re™"  (C/m?).

Apply Gauss’s law to fnd D.

Solution:



\ 4

Figure P.21: Gaussian surface.

Method 1: Integral Form of Gauss’s Law

Since py varies as a function of r only, so will D. Hence, we construct a cylinder of

radius r and length L, coincident with the z-axis. Symmetry suggests that D has the
functional form D = £D. Hence,

jén-dszQ,
S
/f-D-ds:D(sz),

r
Q= 2nL/ 50re”"-rdr
0
=100 [—r?e~" +2(1 —e~"(1+1))],

2
D=¢fD=150 [F(l —e"(1+r))—re™"|.

Method 2: Differential Method

0-D=p,, D=iDy,

with D; being a function of r.

10 r
Tor (rDy) =50re™",



%(rDr) =50r-e",
r a r

/ —(rDr)dr:/ 50r’e~"dr,
0 or 0

Dy = 50[2(1 —e~"(14r1)) —r?e ],

2
D =#rDy =50 [F(l —e "(1+r))—re "|.

Problem.22 An infnitely long cylindrical shell extending between r = 1 m and
I = 3 m contains a uniform charge density pyo. Apply Gauss’s law to fnd D in all
regions.

Solution: Forr<1m, D =0.
For1 <r<3m,

%fDr-ds:Q,
S
Dy -210rL = pyo 'T[L(r2 - 12)5

2 2

21k 2r ’

1<r<3m.

Forr >3 m,

Dr - 210L = pyoTi (3% — 17) = 8pyoTL,

4
D=iD, =i 20

r>3m.
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Figure P.22: Cylindrical shell.

Problem.23 If the charge density increases linearly with distance from the origin
such that p, = 0 at the origin and p, = 40 C/m> at R =2 m, fnd the corresponding
variation of D.

Solution:

pv(R)

a+bR
py(0) =a=

0,



py(2) = 2b = 40.

Hence, b = 20.
pv(R) =20R (C/m?).

Applying Gauss’s law to a spherical surface of radius R,

%D-ds:/pvdq/,
S V

R
DR - 4TR? :/ 20R-4TR*dR = SOHRZ,
0

4

Dr=5R? (C/m?),
D =RDg =R5R?* (C/m?).

Section-4: Electric Potential

Problem.24 A square in the x-Y plane in free space has a point charge of +Q at
corner (a/2,a/2) and the same at corner (a/2,—a/2) and a point charge of —Q at
each of the other two corners.

(a) Find the electric potential at any point P along the X-axis.

(b) Evaluate V at x =a/2.

Solution: R; =R, and R3 = Ry.

41E0R} 4TegR,  4TE9gR3  4TEGRy 21y \ Ry R;
with
a\? a\ 2
RIZ\/(X—E) +(3)
a\?2 a\ 2
R3—\/(X+§) +(3)
Atx=a/2,
a
Rl — 57
RS—a\/ga
2
Q <2 2 ) 0.55Q
V=—"-|--— = .
2Ep \a  +/5a TEpa



CHAPTER 4 197

Figure P.24: Potential due to four point charges.

Problem.25 The circular disk of radius a shown in Fig. (P.25) has uniform
charge density ps across its surface.
(a) Obtain an expression for the electric potential V at a point P(0,0,z) on the
Z-axis.
(b) Use your result to fnd E and then evaluate it for z =h. Compare your f nal
expression with result which was obtained on the basis of Coulomb’s law.

Solution:
(a) Consider a ring of charge at a radial distance r. The charge contained in
width dr is
dg = ps(21rdr) = 21, rdr.

The potential at P is
dg 21T r dr

T ATEGR  ATe(r2+22)172

The potential due to the entire disk is

_[? _&/a rdr P o i
V_/o dV_Zso o (242212 2g (F+7)

dv

a

_ 2P_;) [(a2+22)1/2—z] )
0




(b)

E=-0V=-

v
o0x

E
P(0,0,h)
h

_'\ﬂ VA
Yoy oz

dg=2mpsrdr

zZ
== [1_7 .
2¢& vaz+4z2




v

Problem.26 For the electric dipole shown in Fig. 4-13, d= 1 cm and |EF= 4
(mV/m)atR=1mand 8 =0°. Find E at R=2 m and 6 = 90°.

Solution: ForR=1mand 6=0°, |E| =4 mV/m, we can solve for q using:

qd

= IR (R2cos 0+ Bsin6).
Hence,
d
|E| = (q—>2:4mV/m at=0°
4T
1073 x 81y 1073 x 818
d 102 810 (O)
Againtofnd E atR = 2 mand 6 = 90°, we have
0.8Ty x 1072 ., A al
E=———(R(0)+06)=06- V/m).



Problem.27 For each of the following distributions of the electric potential V,
sketch the corresponding distribution of E (in all cases, the vertical axis is in volts
and the horizontal axis is in meters):

Solution:

Y
x

(a)

-420¥

(b)



)
4
3 6 9 12 15
.......... + > X
4
E
A
2.6
6 9, 5
— X
-2.6
(©)

Figure P.27: Electric potential distributions

Problem.28 Given the electric feld

. 18

fnd the electric potential of point A with respect to point B where A is at +2 m and
B at —4 m, both on the z-axis.

Solution: A
VAB:VA—VB:—/ E-dL
B

. ~ 18 . 18
Along z-direction, R=27 and E = 2 7 forz>0,and R=—Z and E = —22—2 for
z < 0. Hence,

2 .18 . 0 18 | 218
VAB——/_4RZ—2'ZdZ—_ [/_4_ZZ_2'ZdZ+/O zz—2-zdz] =4V.



A ¢ Z=2m

B ¢ z=-4m

Figure P.28: Potential between B and A.

Problem.29 An inf nitely long line of charge with uniform density p| = 9 (nC/m)
lies in the x-y plane parallel to the y-axis at X = 2 m. Find the potential Vap at point
A(3 m,0,4 m) in Cartesian coordinates with respect to point B(0,0,0)

Solution: According to,

v=l_mn (r_z)
2TE r

where r and r, are the distances of A and B. In this case,
r=4/(3-2)2+4>=+v17m,
rh=2m.

Hence,

10-° 2
Vag 9 10 ):—117.09\/.

- 1
2% 8.85x 1012 (m



A
4m
A 4
. 4
r, JB Py
ON 0
Figure P.29: Line of charge parallel to y-axis.

Problem.30 The X-y plane contains a uniform sheet of charge with p;, = 0.2
(nC/m?) and a second sheet with ps, = —0.2 (nC/m?) occupies the plane z = 6 m.

Find Vag, Ve, and Vac for A(0,0,6 m), B(0,0,0), and C(0,—2 m,2 m).

Solution: We start by fnding the E feld in the region between the plates. For any
point above the x—y plane, E; due to the charge on Xy plane is,,

5 Psi
Ei=2—.
1= 2&,
In the region below the top plate, E would point downwards for positive ps, on the
top plate. In this case, ps, = —ps,. Hence,
A pS1 _2& . izpsl

p51
E=E +E, =2 = B
1+ =2 2& 2&) 2&) €0

N>

Since E is along Z, only change in position along z can result in change in voltage.

6 6 -9
P . Ps, 6ps,  6x02x10
V = — —_— d = —— = — = — :_1 A V.
AB /0 ‘ €0 2az &0 z 0 €0 8.85x 1012 3559




Ps= - 0.2 (nC/m2)

AT

C(0,-2,2)

Ps;= 0.2 (nC/m2)

Figure P.30: Two parallel planes of charge.

The voltage at C depends only on the z-coordinate of C. Hence, with point A being at
the lowest potential and B at the highest potential,
-2 —135.59
Ve = ?VAB __(E13539)
Vac =Vag +Vec = —135.59+45.20 = —90.39 V.

=4520V,





